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A slit in an infinite elastic medium subjected to an arbitrary relative displace- 
ment across the slit is analyzed, as well as the singular behavior of the stress 
field around the slit ends. Several types of behavior are identified ranging 
from the r-r/a type of singularity of the stress free slit to the nonsingular solutions 
of Barenblatt and Dugdale, and including a general fractional power solution 
not previously discussed. Possible applications to fracture mechanics are 
discussed since these solutions can be used to construct theories of fracture 
mechanics analogous to the usual Griffith-type theory, but exhibiting somewhat 
different characteristics. 
1. INTRODUCTION 
When surface loads are applied to a slit or crack in an infinite plane elastic 
medium, the stress fields in the vicinity of the slit ends are, in general, singular. 
For example, the fundamental problem of a stress-free slit in a medium with a 
uniform uniaxial stress at infinity (normal to the slit) produces a stress field 
with singularities of the, order +I2 where r is the distance from the slit end. 
This solution has been used as the basis of classical fracture mechanics since 
Griffith [l-3]. 
Other theories of fracture mechanics have been built on solutions for loaded 
slits, with loads selected so as to remove the stress singularity, namely 
Barenblatt’s [4, 51 and Dugdale’s [6, 71. I n addition, problems involving 
logarithmic-type singularites have been investigated by Ju and co-workers 
[lo-131. 
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In this paper we investigate the singular behavior obtainable from an arbitrary 
relative displacement across a slit. By selecting particular functional forms of the 
relative displacement, we obtain complete solutions in closed form. This allows 
us to study various field quantities near the crack tip, for example, stress com- 
ponents. The limiting behavior of the solutions on approaching the crack tip 
is determined and used to separate the solutions into broad classes, including 
as special cases the Griffith solution and the nonsingular solutions of Barenblatt 
and Dugdale. 
We find that solutions with intermediate behavior exist, since the stress fields 
involve singularities of fractional order (6”). A theory of fracture mechanics 
can be constructed based on these solutions, analogous to the standard Griffith 
theory. 
The problem is formulated using singular integrals of Cauchy type and 
solved by the methods of Muskhelishvili [8, 91. 
2. MATHEMATICAL MODEL 
Let us consider an elastic infinite plate bounded in the interior by a slit, with 
termini at x = +L as shown in Fig. 1. Without loss of generality let the plate be 
subjected to uniaxial tension such that at infinity, the stresses are oyy = S, 
QT.?? = ux, - - 0. Along the slit, in the present case of symmetry, the relative 
displacement of two sides across the slit is precribed by its vertical (y) compo- 
nent as a continuous bounded function, g(x), symmetric about the y axis. 
FIGURE 1 
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Furthermore, along the slit, by symmetry uyy and uyd are continuous. For 
physical compatibility it is stipulated that the displacement is bounded every- 
where except at infinity and that the relative displacement function g(x) vanishes 
at the termini. 
The fundamental equations of an elastic continuum, Cauchy’s laws and con- 
stitutive relations, are satisfied when the stresses and displacements in the plane 
region are expressed in terms of complex potential functions $(z) and $(a) by 
the Kolosov equations [S] 
~xx + *yy = 33’c4 + Fm (2.1) 
gYY - axx + 2&, = wM~) + PWI, (2.2) 
34% + iu,) = K+(X) - z9’0 - G), (2.3) 
where K and p are real numbers pertaining to the elastic properties. The boundary 
conditions at infinity are 
2[4’(00) +m1 = s, (2.4) 
2[%$“(co) + l(r(co)] = s. (2.5) 
Along the slit (x, 0) for -L < x <L, the displacement and stress conditions 
yield 
2k@) = &‘&) - 4’(4 - mnx 3 (2.6) 
IC’(4 + Pm + W(4 + $wL = 0, (2.7) 
where af(z& = lim,,,[f(x + 2) -f(~ - is)] for 6 > 0, and -L < x <L. 
3. GENERAL FORMS OF COMPLEX POTENTIAL FUNCTIONS 
The general expressions of the complex stress potential functions, d(z) and 
#(z), can be postulated with the guidance of the stress and displacement condi- 
tions on the slit and at infinity. It is assumed that the solution is continuous 
onto the boundary except perhaps at the end points of the slit, and that (b”(z) 
and #“(z) are continuous onto the boundary. The resulting stresses will then be 
well defined on the slit. 
With conditions (2.4), (2.5), b(z) and 4(z) may be written in the form 
w = V/4) z + #oW, (3.1) 
gIc-4 = W2) z + /J&4, (3.2) 
where &, and I,$, are analytic in the region exterior to the slit, and vanish at 
infinity. Furthermore, b,,(z) and &,(z) sould characterize the stress and displace- 
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ment states on the slit. The functions d,,(z) and #a(z) may then assume the 
expressions 
C&) = & j-- -g & + d&), (3.3) 
where &(z) and #&z) are analytic except perhaps at the endpoints of the slit, 
and must vanish at infinity. The Cauchy-type integrals are line integrals with 
the path of integration along the real axis. 
This is a valid decomposition, since by assumption &,(z) and #s(z) are con- 
tinuous on the boundary and hence have a well-defined jump across the slits. 
&(z) and &(z) are defined as 
#l(X) = UC&% (3.5) 
4d-4 = womr (3.6) 
From the Plemelj formula, the jump across the slit of the Cauchy integrals will 
be &(x) and #r(x), respectively. Therefore &(z) and 4,(x) must be continuous 
across the slits and analytic there. 
The terms which are continuous at the crack will disappear in (2.6), (2.7) 
which by (3.3) (3.4) becomes 
By using the Plemelj formula to calculate the jump across the slit (see [8, 9]), 
we obtain for -L < x <L 
+4$4 = 41(x) - x&m - ICIW (3.9) 
0 =4;(x) + #1’(x) + 4qq + ~l’(x>. (3.10) 
Expressions in (3.9) and (3.10) may be combined to eliminate &(z). The result is 
409!5%‘3-4 
(3.11) 
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After integration, we have 
(3.12) 
Equation (3.9) then yield 
h(x) = 3 [g(x) - &(x)1 + Kc- (3.13) 
It is observed that near the ends of the slits, $,(x) must approach a constant 
value, as g(x) vanishes there. Since g’(x) may be unbounded at the slit ends, 
h’(x) and h(x) may b e unbounded there. However, the Cauchy integrals of 
&‘(z) and #r(z) exist and are well defined. 
The expressions for +a(~) and I,&(Z) may be studied further using the condition 
that displacement must be bounded everywhere in the finite region, particularly 
along the slit. Expressions (3.1), (3.2), (3.3), (3.4), (3.12), and (3.13) are sub- 
stituted into the Kolosov equation (2.3), resulting in 
(3.14) 
To study the condition of finite displacement in the neighborhood of the slit, 
especially its end points, we first observe in (3.14) that terms, which are constants, 
linear in z, and Cauchy integrals with density (&i/(K + 1)) g(e), are bounded at 
the slit ends and thus can be ignored. Next, we shall note that&(z), &‘(z), and 
#a(z) can at most have isolated singularities at z = L and z = -L. Those 
possible singularities must be independent of those Cauchy integrals involving 
constants and g’(E), which generate logarithmic and other nonintegral order 
singularities. To discuss the possibly singular Cauchy integrals, we shall consider 
three cases: (1) g’( x vanishes near the end points, (2) g’(x) approaches a finite ) 
value near the end points, and (3) g’( x is unbounded at the end points. It will ) 
be demonstrated first that the Cauchy integrals involving g’(x), when taken 
together, are always bounded. Referring to (3.14), it is to be shown that 
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For Case (l), this is clearly the case, since both integrals are bounded at x :-= L. 
For Cases (2) and (3), the integrals are first combined that 
Hence 
Since I([ - %)I(( - z)] = j B/W / = 1 and g’(t) is absolutely integrable on the 
slit, Eq. (3.15) is thus verified. 
The remaining Cauchy integrals are those involving the constant C. Let 
It is apparent that for (3.16) to be bounded as a + L, C must be identically zero. 
The remaining possible singularities in (3.14) are contained in &&z), &‘(z), and 
#2(z). Since these functions can only have isolated singularities at the slit ends, 
they must have a Laurent expansion in a neighborhood of each end, such that 
$&(.z) = -f a,/@ - Q”, (3.17) 
?+;I 
(3.18) 
where the bounded terms are ignored and, where G can be either L or -L. The 
condition for finite displacement (3.14) thus yields 
For convenience, a term of the form & may be added to and subtracted from 
(3.19). After rearrangement, we obtain 
13 = I 
GM as Z-+L. 
(3.20) 
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As (3.20) must be satisfied regardless of the direction from which the terminal 
point is approached, we shall consider the cases z = G + S and .a = 8 + i8 
where 6 is positive, real, and sufficiently small. Substituting in these two values 
for z, we obtain, after rearrangement for like powers of 6, the expressions 
I& + is) = j Ku1 +i; + 3 + c m K(-1)” a* - &ik + e(k - 1) $1 - Sk 
kc2 (-i8)k I* 
(3.21) 
For these expressions to be bounded, each coefficient of 6-k, or (-i&)-k, must 
vanish. Considering the coefficients for (l/S) first, we have the condition 
KU1 + i?l - i& = 0, 
The range of K, for 0 < Y < 0.5, is 3 > K > 1 (plane strain), 3 > K > s/3 
(plane stress). For consistency 
b, = 0. 
since K # 1, 
a, = 0. 
We now proceed for k = 2, 
KU2 + 2t7is - 62 = 0, 
KU2 - 24 - 6, = 0. 
(b) 
For consistency u2 = 0, then b, = 0. I f  we assume by induction uk-r = 0, for 
k > 2 then 
dcUlc + ka;, - 6k = 0, 
(--1)“Ka,-kka;,-6b,=q. 
The expressions in (c) hold if 
uk = b, = 0 
(4 
provided that equations in (c) are independent, resulting in 
K+k#(-l)Kfc-kk, 
tc-k+(--l)ICtc+k. 
STRESS SINGULARITIES AT AN ELASTIC CRACK 489 
The inequality conditions are satisfied readily for even k. For odd k 
is evident since K < 3. For the (k + 1)th term then 
The expressions in (d) lead to 
a/c+1 - kfl = --h 0, 
by the same argument as in (c). We thus conclude that the condition in (3.21) 
leads to the identical vanishing of all coefficients for 0 < v < 0.5. 
Since the above argument holds for either 8 = L or -L, Cz , &‘, and #a must 
be regular at the termini of the slit to have finite displacements at these points. 
In other words, these functions are shown to be regular throughout the plane and 
vanishing at infmity. They are hence identically zero throughout the region. 
The general solution for the complex potential functions are hence obtained as 
(3.23) 
Expressions in (3.22) and (3.23) may b e substituted directly into the Kolosov 
equations (2.1), (2.2), (2.3) for the complete stress and displacement field. To 
simplify the calculation of the required derivitives an intermediate function is 
introduced that will facilitate the study of the characteristics of the selected 
relative displacement functions. Let us now consider the function 
The Cauchy integral of [xg’(x)] may be readily expressed as: 
(3.24) 
r L dx xg’(x) - = --L x-z I -; (x - z + 4 g’@) & 
(3.25) 
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where C may be evaluated as -lim,,,[zA(z)]. The derivatives of complex 
potential functions related to stresses and $‘(.z), (b”(x), #‘(a), which may be 
expressed in terms of A(z) and its derivative as 
9’(4 = s/4 + (P/+ + 1)) 44 (3.26) 
c”(4 = w4K + 1)) 44 (3.27) 
q(z) = s/2 - (p/2+ + 1)) &4’(Z). (3.28) 
The stress field are then expressed in terms of A(z) and its derivatives for various 
forms of relative displacement function g(x). 
4. CHARACTERISTICS OF RELATIVE DISPLACEMENT FUNCTION 
There are three broad categories on the behavior of g’(x) near the slit end: 
(a) g’ vanish there, (b) it may approach a finite vaIue, (c) it may be unbounded. 
If 8’ vanishes at the slit end, we know from Barenbhtt [4, 51 that the stresses 
are bounded at the slit end. The case where g’ tends to a finite value has been 
studied by Ju and co-werkers [ 10-131 and leads to logarithmic terms in the stress 
fields. The last case where g’ is not bounded at the slit end includes the stress- 
free slit solution of Inglis-Griffith, but also includes a variety of other solutions 
not previously examined. It is to be noted, however, that the solutions studied 
here are not globally unique, since any solution in which g’(x) vanishes could 
be added in to give another equally valid solution with the same type of singul- 
arity. Nonetheless as the properties associated with the singularity at the 
terminus are of interest, no significant effect will come from any additive 
bounded stresses. For example, the function g’(x) for the case of elastic fracture 
(slit is a degenerate ellipse) may be obtained as 
Hence 
K+l s 
g’(x) = - - - (x!L) 
p 2 [l - (x/L)y * 
Based upon this expression, we construct a function 
A4 = ($)” (fyrn. (4.1) 
The jump of the function across the slit may be calculated as 
[$(z)], = - 1 & lrn 1 & lm 2i sin rnv, for 0 < x < 1. (4.2) 
for-l <x<O. (4.3) 
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Considering this result together with the solution for the degenerate ellipse, 
we propose to use the following choice of g’ 
where [ =- x/L, 0 < m < 3, and OL is some arbitrary coefficient. If we set a: = 1 
and m =:= i, this clearly reduces to the degenerate ellipse (Inglis-Griffith) form. 
A(x) may be evaluated using the expression and jump conditions of p(z) (4.1) 
(4.2) and (4.3) resulting in 
Now, we shall construct the function g’(x) and A(s) for the case of constant 
value of g’(x) at termini. Consider the relative displacement function 
h4 == P +$ l) (L’ - “p), 
where g is an arbitrary constant. Then 
g2’(x) = -2p +; ‘1 x. 
A(z) is obtained by direct integration as 
A*(X) = -28 ““‘K-+ l) [2 $ ; log $-$I . (4.6) 
The study of the two cases may be combined by, adding A, and A, , Eqs. (4.5) 
and (4.6), together; either 01 or ,6 will usually be zero although this is not a 
definite requirement. Eqs. (3.26), (3.27), and (3.28) thus become 
++$A [(&)““(-&)“‘- l] -2q2+-;1og; -L -- . +L I 
(4.7) 
(4.8) 
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5. ANALYSIS OF RESULT 
The mean stress is readily obtained from (2.1) as 
amean = B(~ZLC + UYY) = [+‘(z> + $T31- 
The stress singularity at a terminus is studied by setting z = L( 1 + peie) where p 
is a nondimensional distance from the right-slit end and by considering the 
limiting behavior as p -+ 0. As bounded terms are ignored 
~$$ornean] = - & IRe [(+,” (sj”]/ - 413s [Relog (qj] 
Cd 1 
= sin (2p)7n 
- cos(m8) - 413s log (%j . 
(5-l) 
The mean stress diverges as p+ or -log(p), while the variation with 0 
becomes less pronounced as m -+ 0 and even disappears in the logarithmic case. 
If  we set /I = 0, LX = 1, and m = 4, this gives the customary ideal elastic crack 
formula. 
The in-plane maximum shear stress may be written in terms of the complex 
potential functions referring to Eq. (2.2) as 
Umxs = 
it 
uYY - uz')2 + (~~~)a)~" = j uyy 2 u2r + iu,, j 
2 
Now, by using (4.8) and (4.9) with z = L(1 + pets), and as p -+ 0 
For the case p = 0 
umx8 z (&m/sin m7r) (sin 6/(2p)“). 
For 01 = 0, the maximum in-plane shear is finite as 
Umxfj r I(Sj2) - 4i/XW sin 0 [ . 
I f  we assume /3 sufficiently large, this may be roughly approximated by 
urns g 4/3S sin 19. 
Thus, the angular variation tends to be the same in both cases, that of sin 8, 
while the magnitude is bounded in the logarithmic case, but becomes unbounded 
like p-m in the other case. 
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The maximum tensile stress is simply the sum of the mean stress and maxi- 
mum shear or 
When only the divergent terms in Eqs. (5.1) and (5.2) are considered. 
~4s 
eIlx s sin m77 
[co+@ + m sin 01 _ 413s log p 
(2P)n" 2' 
(5.3) 
The logarithmic term is independent of 6 while, if j3 := 0, the direction of 
maximum tensile stress is given by the maximum of f(0) = cos(m8) + m sin 8. 
The stationary points are the solutions of 
0 =f’(o) = -m sin(m0) + m cos 8, 
or, of the equation 
sin(m0) = cos 8. 
Since f’(0) > 0, th e smallest positive B satisfying this equation will be a 
maximum. By roughly sketching sin(m8) and cos 8, we see that for 0 < m < 4 
there is only one solution varying between 43 for m = 4 and 7712 in the limit 
as m-+0. 
At the slit it is found that for y = 0, -L < x <II, 
ax, = 0. 
Note that, for m = 8, ~11 = 1, and ,f3 = 0, the normal stress gyy disappears on 
the slit. For m > +, uyy is negative or compressive- a case when the crack is 
being forced open. We usually consider only the situation where m < 3. 
The strain energy density at point in the neighborhood of the crack tip is of 
the order of lj,P. Hence the strain energy contents in any neighborhood of the 
crack tip is bounded, as long as m < 1. 
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6. CONCLUSION 
Some experimental support for our study of these slit solutions is contained 
in Ju and Shafer [14] where, for a stable fracture at critical state, plots of r,,, , 
the maximum distance from the crack tip for a given isochrome, versus the 
corresponding shear stress, indicate that the maximum shear stress for cold- 
rolled magnesium diverges at the order of r-o.3s rather than r-o.5o as the classical 
elastic theory would have. Indeed, this experimental work partially motivated 
the present developments. However, Ju and Shafer emphasize the local behavior 
of the stress field around a stable crack, whereas the goal of the present paper is 
to predict the stability of a fracture in a global sense without regard for the 
actual stress or strain fields at the fracture surfaces. The generalized elastic 
displacement theory of fracture does allow for a generalization of the type of 
singularity at the crack tip. In the limit the Griffith solution for brittle materials 
is obtained. 
Stability criteria may be generated using the displacement theory of fracture 
that are extensions of the classical ones. Let us define a stress intensity factor 
K = &?$rrL)m/(sin mn). Then, if p = 0, we have from (5.1) 
Note that for m = 0.5 and 01 = 1, this gives the usual Griffith-Irwin stress 
intensity factor. If we assume m and a: can vary but are constants for a given 
material, then for varying crack lengths, this theory predicts that the critical 
stress varies as the -mth power of the crack length. This suggests that the 
parameter m is a material property as a function of temperature and, may be, 
of loading rate. Careful measurement in controlled experiment of critical stress 
for various crack length will provide such information. 
The use of a singular integral equation as the mathematical method for the 
present paper demonstrated the very power of the technique. Rather than the 
traditional application of the method for boundary value problems, the paper 
successfully applied the method to treat singularities on the boundary and to 
describe functional discontinuity across a line in the region; that is, the displace- 
ment discontinuity across the fracture surface. The singularity characteristics at 
the fracture tip were successfully studied without the need of an explicit solution 
for the entire region of the media. 
APPENDIX 
If 4 satisfies the Holder condition in a neighborhood of the point to in the 
interior of a smooth finite arc& then a value (the principal value) may be assigned 
the Cauchy integral evaluated for z = t,,; such that 
Wo) = & s, g , 
0 
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@ is continuous on L from the left and from the right. We denote these limits 
by @+ and @-, respectively. The Plemelj formulas connect these limits and the 
principal values as follows 
or in the expression of the difference of equations in (A.2) 
@‘(to) - @-(to) =:- $5(t,J. 
The derivative of @ can be calculated with the Cauchy formula 
(A.3) 
A more useful representation may be obtained if the derivative of the density, 
+‘, exists and is integrable. Consider the integral 
Using integration by parts, this may be transformed to 
where L, and L, represent the end points of the arc. Using this result, we may 
express @’ as 
If $ vanishes at the end points, then this may be written in the form 
This form can also be used when evaluating the jump of 4’ as long as the 
derivative exists and is integrable in a neighborhood of the point in question, 
since the integral over the neighborhood can be integrated by parts and the only 
discontinuous part in the expression is the Cauchy integral of 4’. Hence, we 
can write for the case when the arc L is a segment of the real axis. 
8@‘-h = d’(x). (A.7) 
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